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ABSTRACT 


Producers are assumed to decide upon the level of training to 
supply to employees in the context of maximizing their expected discounted 
sum,of profits over a planning horizon. We derive a set of equations 
which define implicitly the producer's optimal activities and which have 
the following two properties: (i) linear regression techniques may be 
applied to them in order to estimate the technology as well as the pro- 
ducers' expectations; and (ii) they impose no 4 priori restrictions on 
the elasticities of substitution of the underlying technology. We rely 
heavily on the theory of duality and, in particular, on the concept of a 


variable profit function. 


In Canada, the Department of Manpower and Immigration, through 
the Canada Manpower Industrial Training Program, is engaged in the sub- 
Sidization of. on-the-job training. An accurate evaluation of the program 
calls for an understanding of producers! behaviour in the absence of 
subsidization, and of the effects of varying levels of subsidization on 
their behaviour. The model developed in this paper is a modest step 
towards developing such an understanding. 

The formal model developed in this study relies heavily on 
the concept of a variable profit function developed by Diewert [8] in 
an earlier paper in this series. 

This study was prepared by Larry Epstein, Research Economist 
with the Research Branch of the Department of Manpower and Immigration. 

The views expressed are solely those of the author, and do 
not necessarily correspond to any policy or position of the Department 


of Manpower and Immigration. 
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INTRODUCTION?/ 


Recently, much work has been done on developing functional forms 
for the production system (and for the consumer sector) which are general 
in the sense that they impose few 4 priori restrictions On the range 
of possible behaviour, apart from those which are derived from theoretical 


2/ 


considerations. Using the duality between production functions and 
cost or profit functions,one may very easily derive a system of factor 
demand equations which are consistent with profit maximizing behaviour 
on the part of the producer, and which do not preclude, for example, 
arbitrary substitution possibilities between the factors of production. ”/ 
The substitution elasticities, and other parameters, may thus be subject 
to hypothesis testing, and a fuller knowledge of producer behaviour 
and the underlying technology may be Sota nee 

Empirically testable general models of producer and consumer 
behaviour have been developed by Diewert in [9 ] and l13]. The models 
of the production sector, however, are confined to a one period frame- 
work, and so fail to model adequately such problems as the investment 
in human capital and the formation of specific capiraty itis our 
purpose in this paper to adapt the techniques referred to above to an 
intertemporal framework, so as to model the producer's décision to 
supply training to his employees. The formation of specific capital 
may be modelled in a similar fashion. 

In this paper, the term "training" will denote an investment 


in learning new skills or in perfecting old ones, Thus, it may encom- 


pass more than what is commonly referred to as "on-the-job training". 
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Though some figures are available on the extent of formal training 
going on in industry,such asinapprenticeship programs, data on the 
total training costs to firms, both direct and indirect, in all types 
of training, are very rare. That the costs to employees are significant 
was shown by Mincer in [24]. He states(P.73)that even in the 1950's 
"investment in on-the-job training is a very large component of total 
investment in education in the United States economy. Measured in 
terms of costs, it is as important as formal education for the male 
labour force and amounts to more than a half of total (male and female) 
expeditures on school education.'' All indications are that the 
decision to supply training is an important one for the firm as weal. 
In [2] Becker discusses two types of training, general and 
specific. Completely general training is defined as the type of training 
that increases the marginal productivity of trainees by exactly the 
same amount in the firms providing the training as in other firms. 
Hence, in a competitive labour market, the wage rates of the trainees 
will rise by the.same amount as’‘their marginal: productivity, and the 
firm providing the training does: not capture any of the return. 
Therefore it will not bear any of the costs involved and will supply 
general training only if the trainees are willing to pay all of them. 
From the point of view of the firm's behaviour, this is very much a 
one period problem and hence may be so modelled. 
We shall concern ourselvesprincipally with specific training, 
in which the productivity of trainees is increased more in firms 


providing the training than in other firms. Consequently, firms will 
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benifit in the future from the excess of the marginal productivity of 
trainees over their wage rates, (the extent of the return to the firms 
depending upon the number of trainees who remain with them after comple- 
ting training),and so will be induced to supply specific training. On 
the other hand, costs are also incurred and may include the following: 
direct training costs (such as payment of intructor's fees, or tuition 
fees at a formal institution of learning); foregone production as 
compared with the use of a fully qualified worker, (during the learning 
process the trainee probably receives a wage exceeding his marginal 
productivity); increased materials wastage and possible increased wear 
and tear on machines; and costs of supervision - either by taking a 
trained worker off his job, leading to foregone production, or any losses 
of output suffered by a general relaxation of supervision elsewhere 
due to attention given to the learner. The producer must decide on a 
trade-off between present costs and future returns. 

Becker has given a set of marginal conditions to describe 
this trade-off decision. Upon assuming a long run equilibrium condition 
of zero discountedisumiofeprofits; he shows that the usual one period 
equilibrium condition that wages= marginal productivity, is replaced by 
the condition that the sums of the discounted streams of expected wage 
rates and expected marginal products be equal. We extend this condition 
to the case of a firm that wishes to maximize the discounted (non zero) 
sum of the expected stream of profits over the planning horizon. We 
develop an empirically testable model of the producer's behaviour, 
including his decision to supply training. 

We note that some studies have treated time as a continuous 
variable, so that discounted sum of expected future profits is replaced 
by an integral ower ‘time, and the techniques of optimal control theory 


7/ 


are used to derive the profit maximizing activities. 
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However, this approach forces one to make some very restrictive assump- 
tions about the underlying production function. As a matter of fact, 
we have not found in the literature any continuous time analysis of 
the supply of training which goes beyond a Leontief, fixed factor 


8/ 


proportion production function. Using duality we are able to consider 
general production functions. 

Our model may be briefly outlined as follows: A producer, 
facing a two period time horizon, may produce an output good via a 
four factor production function. The factors are capital, "unskilled" 
labour, ''trainee'' labour and ''skilled'labour. The producer is aware 
of first period prices, all of which are determined exogenously, except 
those for the latter two factors where lhe chas.isome’ monopsony power .9/ 
He also forms expectations of second period (future) prices, and of 
the monopsony power he will possess in the second period, with the 
supply curve of ''skilled" labour which he expects to be facing in the 
future being influenced by the amounts of ''skilled' and "trainee" 
labour which he employs in the first period. In striving to 
maximize the sum of expected profits, discounted by the expected 
discount rate, the producer decides on his first period activities and 
on his plans for the future. These optimal activites and plans are 
defined by a set of equations involving the variable profit function, 
a dual function to the producer's production function. We hypothesize 
a flexible functional form, derived by Diewert in [11], for the profit 
function, which, when substituted intosthe set of equations, lends 


itself to simple regression techniques for the estimation of its para- 


meters. 
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We note that many of the simplifying assumptions we have 
made, such as the number of time periods, output goods, and factors 
of production, may be easily removed. (Indeed, the extension of the 
model to several time periods is described briefly). Many more types of 
labour, some perhaps defined partially by the age of workers, and many 
types of training, may be introduced, but at the cost of increasing the 
complexity of the model. The investment in specific capital formation may 
also be modeited, 1°/ 

In the next section, we review some preliminary material 
from duality in the theory of production, with which the reader may not 
be too familiar. We then proceed to present our model in more detail. 
In the final section we comment briefly on how our model may be applied 


empirically. 
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I. SOME RESULTS IN THE THEORY oF puatity }1/ 


The usual starting points of the theory of production have 
been: (i) the production possibilities set, which is the set of all 
input and output combinations which the firm can produce with available 
technology;or equivalently, (ii) the production function, which, for 
any feasible production plan, gives the maximum net output of any 
commodity as a function of the net outputs of all other commodities. 
In [26] Shephard showed that a single output multiple input technology 
could equally as well be described by a minimum cost function, which 
would give the minimum cost, necessary to produce a given net output 
as a function of input prices. McFadden [21], [22] and Gorman [16] 
have shown that a multiple output, multiple input technology may be 
equivalently described by a profit function, which gives the maximum 
profit for any feasible production plan as a function of the prices 
of all goods. In [11] Diewert has established a duality between production 
possibilities sets,;<:production ior transformation: funcbion,nandan:! 
variable profit functions, which, apart from fixed costs, give the 
maximum profit attainable, holding some inputs fixed, as a function 
of the prices of the remaining commodities. For a more detailed 
discussion and proofs of these results, the reader is asked to refer 
to Diewert's paper and to the other references. We shall now state 
more precisely the results proved in [11] and which we shall need 
for our mode1. 22/ 
We consider a technology with I+J inputs and outputs. 


Denote the variable inputs and outputs by the I dimensional vector 
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U=(Uj,00+,U5), and the fixed inputs by the J dimensional vector 


Wa (Ys 


Vy)- Outputs are indexed positively and inputs negatively. 


The production possibilities set T is defined by the following con- 


ditions: 
(i) 
(ii) 


(iii) 


(iv) 
vy) 
(vi) 


T is a closed, nonempty subset of I+J dimensional space; 
if (u;V)EET, then vsov {last J goods are always inputs); 
T is a convex set (non-increasing marginal rates of trans- 


3/ 


formation) ;! 
| 14/ 
T is a cone (constant returns to scale); 
if zéT and 2°42; then 2*€T (free disposal); 

if (u;v)& T, then the components of u are bounded from 

above (for finite fixed inputs, the set of producible outputs 


is bounded). 


An alternate approach to production theory is via the notion 


of a production or transformation function t, which is defined by the 


following conditions: 


(1) 


(ii) 


(iii) 


(iv) 


(v) 
(vi) 


t is an extended real valued function defined and bounded 
from above for each I-l1*#J dimensional vector (f;v), such 
that vSo, (where fi is an (I-1) dimensional vector), 
satisfying t(0;0)=0. 


: : ; Eo 
t is a continuous from above function; / 


t is a (proper) concave Fonccion: 
t is positivevlinearzhomogeneausuinifiandavy i,e.,¢ 
t (@4; W)= wt(Gsv) for every scalar a> as 

t is nonincreasing in the components of (G;v); 


for every vso, the set {(u,,6) | u, st (A;v)} is bounded from 


above. 
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Given a production possibilities set T satisfying conditions 
A, one may define a trensformation function satisfying conditionsB, 


as follows: 


im t(G;v)= ( max tu, | (u, 8; v)eTI if there exists a u, such that (u, ,O5v) eT 
a 
-c otherwise, 


for all vectors f =(U5,Uz,---Uy) and v<0. 
On the other hand, given a tranformation function t, the 

corresponding production possibilities set may be obtained as follows: 
2 ie Tz 4 (u,,03v) u,< t(Osv), vo}. 
So defined, T satisfies conditions A. In addition the transformation 
function corresponding to T as defined by I.1 is the functiont with 
which we started. That is, these are equivalent approaches to produc- 
tion theory. 

Given a production possibilities set T and supposing that 
the producer's fixed inputs are fixed at v, and that he can buy or 
sell variable inputs or outputs at the fixed positive prices P=(P1»Pos-+- Ps) >>0 


| the variable profit function may be definedias followst: 


m(p3v)= max {plu | (u;v)&T}, where p>>0 and v<0. 
We can show that the variable profit function so defined satisfies 
the following set of conditions: 

(i) w(p;v) is nonnegative and bounded above by pb for a fixed 


vector b if p>>0, vs0O and v is bounded from below; 


(ii) tw is positive linear homogeneous in p, i.e., for every 


Az0, 7 (XApsv)= AT(p3v); 
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(iii) 7 is convex and continuous in p for every fixed vs<o; / 


(iv) 7 is non-increasing in v for every fixed p; 
(v) wis concave and continuous in v for every fixed p; 
(vi) 1 is positive linear homogeneous in v, i.e. for every 
A20, T(p;AVJ= AT(p3v). 
Conversely, given a function 7 satisfying these conditions, 
the corresponding production possibilities set is defined by: 
T={ (u;v) | pi ust (p;v) for every p>>0 and vs<0}. 
So defined, T satisfies conditions A. Moreover, the profit function 
corresponding to it via definition I.3 is precisely the function T 
with which we began; that is, we have three equivalent approaches to 
production theory. 
The following lemma is of prime importance. 
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Modified Hotelling Lemma: 18/ 


If a variable profit function T(p;v) satisfies conditions C 


and is in addition differentiable with respect to the prices of variable 


outputs and inputs at p >>0, v"<0, then we have am(p"sv")=u, (p'sv"), 
op. 
i 


i#1,2,---, I, where U, is the profit maximizing amount of output i 
i 

i ae ks * ox ; 3 * ‘ ; * 

(of input i if u, (p ;v ) <@) given prices p and fixed inputs v . 

From an econometric point of view, this lemma is very useful, 

for it enables us to obtain functional forms for demand and supply 

functions consistent with profit maximization simply by choosing a 


suitable functional form for 7m and differentiating it with respect to 


input and output prices. 
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and where x=-v. 


For many choices of the set of parameters, this: 
function satisfies the regularity conditions C over some nonempty set of vec- 
tors -(p3v), and sois "locally" a variable profit function. /2/ In addition 


the functional form is flexible in that the parameters may be chosen 


sO as to provide a good local approximation to an arbitrarily given twice 


differentiable profit function. 


Lemma: 


Let T -be an arbitrary variable profit function (consistent 
with conditions C) which is twice continuously differentiable at the point 
(p;v) where p>>@,v<<0. Then, in general, there exists a T(p;v) given by I.5 


: : * 
which provides a second order approximation to 7 at the point (p;v). 


The importance of this lemma lies in the fact ‘that the first’ 

and second order partial derivatives of a variable profit function completely 

determine the elasticities of substitution of the underlying technology 7°/ 
The functional form in I.5 possesses .two additional ‘advantages. 

Firstly, note that the parameters appear linearly in the defining equ. 

equationhe Hende, they :wilhcappear 'binearlycarPsoin the “equations ) 
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the Modified Hotelling Lemma are the variable output supply and input 
demand functions), and PINBS¥) 1 ayy » j=1,2,---J. This will enable us 
to apply linear regression techniques to estimate the parameters of 
our model. 

Secondly, a priori expectations that, for example, the 
variable profit maximizing amount of variable output (or input) i is 
not responsive to a change in the price of the variable output (or 
input) h, may be translated into the restriction that a, ,c0. 

By setting a we may impose 4 priori the restriction that the 
marginal (variable) profit of the Me fixed input (or output) is 
not responsive to a change in the level of the k *) fixed input (or 
output). vas Such 4 priori restrictions on the parameters may be 


helpful in the event that ,because of a small number of observations, 


we are not able to estimate all of the parameters. 
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II. THE MODEL 


Consider a producer who faces a time horizon of two periods. 
On the basis of his ex ante price expectations, he chooses from among 
available technologies that technology which maximizes the expected 
sum of his discounted profits, and which is then taken to be fixed for 


BS 


the time horizon. We represent the technology by means of a four 
factor constant returns to scale production function F (K,L,,L),L,) 
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satisfying the regularity conditions B ‘, where the input factors 


are capital K, "unskilled" labour L,, "trainee" labour he ae and 


e Maski tied workers, of course, are incapable 


"skilled" labour L,. 
of supplying Lo» while they may enter training. Trainees 
gain the potential to supply Ly in the following 
period. Since the training is specific, the marginal productivity 
of "skilled" labour in the firm providing the training is higher 
than the marginal productivity in other firms. As noted above, there 
isa fature return to the firm from supplying training, and so its 
first period activities derive from intertemporal considerations. 

In order to be more precise, denote by yy and Y, the 
output produced in (or planned for) periods 1 and 2 respectively, 
and add a subscript to each of the input factors to indicate the 
time period under consideration. (For example, K, and Li will 


represent the amounts of capital and of "unskilled" labour respec- 


tively used in period 2). 
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The first period prices Py (for Y,): ‘(tor Ky); and Wit 


(for‘L, 1); are assumed to be exogenous to the firm. We argue, however, 
that to some extent the producer is free to vary the equilibrium wage 
rate for "skilled" labour, and by so doing to influence the amount 

of "skilled" labour that is offered him. For certainly, since we are dealing 
with. specific training, the equilibrium .wage rate is not uniquely 
defined by the marginal productivity of "skilled" labour in the 
economy. On the other hand, the following disequilibrium situation 

1s conceivable: if the wage rate offered "skilled" labour were 
sufficiently high, then all "unskilled" workers would flood into 
training, in anticipation of high future earnings.which would more 

than compensate for the costs incurred in the first period in under- 
going training. However, assuming that workers attempt to maximize 

an intertemporal utility function, distinct occupational preferences 
and expectations for the future ensure that the equilibrium wage may 

be varied at least over some interval. We assume also that an increase 
in the equilibrium wage in this interval will elicit an increased 
supply of "skilled" labour to the firm. The supply curve of "skilled" 
labour facing the firm in the first period, after incorporating the 
effects of first period marker prices, may thus be described by the 


following (inverted) supply of "skilled" labour function: 
ee ; 26/ 
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We suppose that w,, is a continuous function and in addition is | 
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Note that because of the above argument, the function in 
II.1 may be defined only for Loy in some interval. Since all possible 
equilibrium wage rates correspond to values of Ly in that interval, 
however, the equilibrium supply of ''skilled" labour is completely 
described by II.1. 


The above reasoning may be applied also to justify the assumption. 


of an (inverted) supply function of "trainee" labour given by: 


T fi 


7 és ; | 2 8/ 
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Tes : 4 : ‘og ; 
11 is a continuous function and in addition is a 


twice continuously differentiable function of its "labour" arguments. 


We suppose that w 


Onee again we assume an upward sloping supply curve, i.e., 
aw, /8L, 1 

The supply of "'trainee'' labour, reflecting wage expectations 
and intertemporal utility maximization on the part of workers, will 
also depend on Woy and hence on Loy: One would expect that the higher 
the current "skilled" wage, the greater the expectations of workers 
for "skilled'' wages in the future, and hence the more willing they 
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will be to invest in training. Therefore, we would expect that 


<0. 
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A few words might be in order to justify the assumption 
of price taking behaviour on the part of the producer with respect 
to some goods and factors, and monopsony power with respect to 


"trainee" labour and ''skilled" labour. This may be rationalized 
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as follows: '"Unskilled" labour and capital are used in many indus- 
tries and so the producer has no control over their prices. Now, we 
may think of our producer as using a technology distinct from that 
used by other producers in the same industry, and hence gaining monop- 
sony power over ''trainee'' and "skilled'' labour while remaining a 
price taker with respect to the output good. Alternately, his monop- 
sony power may derive from spatial considerations, i.e., he may be 
the sole producer in that industry in a geographic region, and so, 
goods being much more mobile than labour, the above situation may 
result. suf 

The producer is aware of the supply curves II.1 and II.2 
and of the first period market determined prices, and based upon 
this knowledge forms the following price expectations for period 2: 

(expected price of Y,) Po=P> (Py > 7, >¥17) 

(expected price of capital) T= 0, (Py>% Wy) 


(expected wage rate of 
"unskilled labour) Wy 9=Wy 2 (Py> th >Wy 4) 


(expected discount rate 


between periods 1 and 2) Saolshes Sicieeale 


We assume that these functions are continuous and assume finite positive 
values. 

The Syoduver also forms expectations of the supply curve for 
"skilled" labour that he will face in the future. In addition to 
prevailing and expected market prices, the expected supply curve will 
be influenced by the number of workers trained in period 1 and their 


expected rate of attrition from the firm. We also allow for the 
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effect which the number of "skilled" workers employed by the firm 
in period 1 might have on the anticipated supply curve. One might 
argue, for example, that a ''skilled'' worker employed in the firm 
in period 1 would demand a lower wage to continue working there, 
than would a new "skilled" worker to join the firm and abandon his 
first period activities. All of these influences are summarized 


in the expected (inverted) supply function described by: 
: os ! 27, 
Woy Woo aoe tye boy? Pye 4511) - 


We assume that w,, is continuous in all its arguments 
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jointly, and that it is twice continuously differentiable with 


respect to its first three arguments. We would expect that 


uke 
il 


period 1, the lower the wage rate which will have to be paid to 


OW 5/9L 0, i.e., the greater the amount of training supplied in 
secure a given supply of "skilled" labour in period 2. 
Similarly, on the basis of the reasoning given above, one 


might expect that OW, /9L,,80. ‘However, it is far from iclear that 


this is so in general. For if the amount of "skilled"! labour employed 


in period 1 is increased, and hence a higher wage rate Woy paid, 
"skilled" workers may form high expectations and be more reluctant 
than previously to work at a given wage rate in the second period. 
The net effect may be to decrease the supply. of "skilled" labour at 
a given wage. Hence the sign of Wo, / Ls is in’ general ambigu- - 
ous. 


Lastly, we suppose that the expected supply curve is upward sloping, 
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As an example of such an expected supply function consider 
that function Wo defined implicity by the following equation: 
vi tT 
(Ce A 
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where @ and 8 are increasing functions of w,, attaining values between 
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0 and 1. 11 * il 


Simarly, the sign of 8W5/9L.4 is the opposite of the sign of 


But L,,°98/9L,,. If a and 8 satisfy the appropriate continuity and 

differentiability conditions, the Wr SO defined satisfies all the 

conditions stated above. Of course, 1-a and 1-8 are the expected rates 

of attrition from the firm of "trainee" and "skilled" labour respectively. 
For the sake of simplicity we assume that the producer 

supplies no training in the second period. This is not unreasonable 

if we consider that in a two period model the demand for training 

would probably be so low so as to make it unprofitable for the producer 


to supply and training. Hence, we do not specify an expected supply 


7 ; 
cUrVe, Wyo; of "trainee! labour. 


Since training may involve direct costs to the producer 
(other than wages paid to trainees) such as fees paid to special 
ORO Area we denote by THC the direct costs involved in supply- 
: units of training in period 1. We assume that C is differ- 
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The basic assumption of the model is that. the producer 
maximizes the expected discounted sum of his profits over the two 


pexigds:”°/i.e,that he solves the following maximization problem: 
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Breaking the maximization into two stages, where the producer first 
maximizes with respect to those commodities whose (expected) prices 
are independent of his actions, and secondly with respect to the 


remaining commodities, yields the following equivalent problem: 
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Recalling the definition of the variable profit function (I.3) and 
denoting by mT the variable profit function corresponding to F, with 


fixed inputs of "trainee" and "skilled" labour, this problem may be 


rewritten as follows: 
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Implicit in the discussion to this point has been the 
assumption that the maxima in the above problems exist. Since there 
are constant returns to scale in production, we will have to stipulate 
conditions for the labour supply equations II.1 and II.2, and for 
the expectation function II.4 in order to ensure that the producer 
does not expect to earn indefinitely large profits over the two periods. 

Consider II.8, Since the sum of the variable profit 


functions is linear homogeneous concave in (Ui caeiee it is easy 


to see that the maximum will exist if input costs are sufficiently 


increasing. In particular, we require: that 
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Pond 36/ 
Pye aye 


T T. T 
C(Ljy)+ Wy, Cyyrboy) by 


Monotonicity is reasonable in that one would expect that 
the greater the level of inputs used, the greater the total cost of 
these inputs to the producer. (We do not bother to write out the 
inequalities in the first order partial derivatives of the above 
Binbtion necessary for monotonicity. Most of the first order partials 
involved have already been assumed to be nonegative). Convexity 
implies increasing marginal input costs for each factor, and increas- 
ing marginal rates of substitution between factors at a constant 
total cost level. In the event that there is strict convexity above, 
the maximum profit will be attained at a unique point. Making this 
assumption, we may proceed to find the profit maximizing activities 


chosen by the producer. 
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We make the following definition: 
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It is easy to see that P satisfies with respect to its arguments all 
the regularity conditions C,and so is a variable profit function. 


Indeed it is the variable profit function corresponding to our two 


period production possibilities set 
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Therefore, by the Modified Hotelling Lemma, the profit maximizing levels 
of variable inputs and outputs are obtained by differentiating P with 


respect to the appropriate prices. 


In addition, maximizing problem II.8 becomes: 
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so that if the maximum is attained at an interior point, that point 
must satisfy the first order conditions of a stationary point. Com- 
bining these two arguments, we derive the following set of equations 


which define the profit maximizing set of inputs and outputs: 
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The usual one~period profit maximizing condition that marginal revenue equal 
marginal input costs for each factor are altered when intertemporal 
considerations enter. Thus, for example, training is supplied at a 
level such that the marginal 'revenud' of trainee labour in period 1 is 
equal to the discounted sum of the expected marginal input costs of 
‘ ' MS 59/ ,4Q/ 
trainee labour (equation (vii)). ote, however, that the second 
period marginal input cost of (first period) trainee labour, 
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We may rewrite equation (vii) as follows: 
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Thus, the marginal returns of "trainee" labour, where returns include 

both revenue from current production and (discounted) lower production 
costs in the future, are equal to the first period marginal input costs 

at the optimum activity levels. If the producer is a strong monopsonist 
and if there are low turnover rates in the labour market, he might 

expect the first period trainees to affect the future supply of "skilled" 
labour significantly, and the future return to training, in the form 

of - 1 (8W5/3b95 (# PL 59s could be the. major factor: indhis deliberations 


1+p 
on how much training to supply. Yf trainees contribute nothing 


to current production, the partial derivative Omer amily oly Ply} 
is equal to zero, and training will be provided only if the ex- 


pected future returns’ warrant it. On the other hand, weak monopsony 


power and high turnover rates in the labour market might lead the pro- 
ducer to expect low future returns to training, in that - 2Wy/2L4 4 
would assume small positive values, and the level of training provided 
would be determined to a large extent by the contribution made by 
trainees to current production. In the extreme case that Wy /3L, 1=0, 
there are no future returns at all, and the level of training will 
be determined by its first period costs and returns only. 

Equation (viii) may be interpreted similarly. We emphasize 


at this point that in addition to the investment in training made by 


the producer, there may also be an investment involved in the hiring 


| sbukanl saaepsi 


et Pie tr pee 
ph kai era Beiveag- on 
sano 2 ‘iat a bi ceueralsees sit Mt sels fiw 


quae ae sent nacre bs ack ae we Say eeRty j 


i 
i 


hoa (ite i ort ott Ve FER oy ceknlert Hit 


by 2 
7 


’ F : big ; i i ia} Wrige 
suo ite epee arats io Y Gb Ben Le iy, “eet ie Neg). 


rune eA ut) gheeitiew! 6 AYRE wm oft kira % 


smile: Sty leonos Petre Te Are 8% 


Lay ; Bag 7, . IRV Ae bef a4 vit nace 9 

; Lb” : Mi ] 

\ ; AG ag : 
nee anlt, 


ae il | i I ed! ine, art oa 


aly 


7 : 
¥) bey je nik at ij i coe egal huli ip ey sa sibale oF . yb ad a 


Sy i Se wink 9k ot Beten aguaasae ight fn 


- eh. Ww! . a] ne ' admate wrens) wid , rt 


bai Lyi bale 4°, heal a@til wy avesteng pans: 


- ry fi 


al shh yen is viet “gral & 0 Sonim aia! 


Aa 


Gok teNpget tuts <8 ameetea ats al veub rautheoag te 
; z ; vv 
if gnikiiee: te | 2617, Ota eatiasert atin o 


aa struts Hie -2gaer Ag ira gent on nen 
etiznige a (Uirehtors beseaigqnelnt 4 “n (ai) hs 
eel a nrinies + He Tenapeaens “_ od mind vai ; 


gaicid ade ret beeloemt 308 sewwnd ra ai — a on 


“On. 


of "skilled"! workers in period 1. For we may rewrite equation (viii) 


as follows: 
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Suppose that OW, 5/9L,4 <0, i.e., that an increase in the first period 


"skilled" work force will increase the second period availability of 
"skilled" labour at a given wage fate. Then, once again possible 
decreased future production costs will influence the producer's decision 
as to the number of "skilled'' workers to employ in the first period. 

He may hire more "skilled" workers in period 1 then is called for by 
first period profit maximization, in the expectation that they will 
lower his. 'skilled'" labour costs in the future. Comments corresponding 
to those made above concerning the effects of the degree of monopsony 
power and labour market conditions may be made here as well. 

if future ."'skilled" labour.costs ane,expectedito aincreasé 
as a result of the use of more ''skilled" workers in period 1, i.e., 
it W,,/9L,, >0, added future costs rather than returns are involved 
in the use of more ''skilled'' workers in period 1, and so the producer 
will probably try to substitute other factors of production for 
"skilled" labour. 

The equations in II.11 may be transformed so as to 
correspond more closely to the form of the equilibrium conditions 
derived by Becker [ 2 ] to which we referred in the introduction. 

For this purpose, let us consider first the following equation, where 
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Wo is a given positive constant and where the prices Pj»T,W,, are 
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given and suppressed in the notation: 
it 
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This equation defines Lo, emplicitiy as 3a. function of tat Loy and ne, 
the value of the function being precisely the amount of "skilled" labour 
that would be offered in period 2, given the wage rate Wo5 and the 
first period activities aay and Loy: Inplicit ‘differentiation of Tivi2 
first with respect to las and then with respect to Loy: shows 
a LES Oo 3 SLY Mia bar aie © rae bask’ PP 
aby) aby; / yy hggia (3 Pian f Belge 
We make the following definitions: 
--14 S (W339 yeh) elie iar 893 (Hy 51 gel) = OoDe 
ate, oboy 
Thus 0 is the expected rate of change in the second period supply of 
"skilled" labour, at a given second period wage Waa) with respect to 
a small change in the first period supply of training. Similarly, 9 
is the expected rate of change of L55 with respect to a small change 
in the first period level of "skilled"! labour employed. 
If 6 and ¢ are constant with respect to if and Low then 
integration of equations I1I.14 yields: 
II.15 pane Gee) fis + $ (Wy9) Loy: 


Comparison with equation II.5 that © and ¢ may be interpreted, after a 
suitable normalization of the units of measurement for "trainee! and 
"skilled" labour, as the retention rates of "trainee" and "skilled" 
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labour respectively, at the second period wage rate WW 5 In the 


more general case, the connection between 0, > and the expected 
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retention rates of each type of labour is more complicated.“ / 


Now, let us replace equations (vii) and (viii) of II.11 with 
equations (vii)' and (viii)' obtained as follows: (vii)' is obtained 
by multiplying equation (ix) by ® (w 99 (*) eae ; i and adding the result 
to (vii); (viii)' is obtained by multiplying equation (ix) by 
) (us etilales” iby) and adding the result to (viii). The results are: 
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Keeping in mind the above interpretations of 0 and > we see that 


) and ¢ - T (Py s¥y sWy95 pag) 
OL +o 1+o 1+p 7) 1l+op 1+o 1+p 


9m (Py s%q ¥y730L3, 
are the rates of change of the expected second period "revenué' with 
respect to changes in the first period level of training and employment 
of 'skilled'' labour respectively. On the other hand, the expressions 
in square brackets on the right hand side of each equation represent 


the marginal first period input costs for each type of labour. Second 


perzod anticipated discounted marginal input costs are 0 ° Wy (*) Al +p) 


and $ - Wo9(*)/(1+9). Thus equations (vii)' and (viii)' merely state the 
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equality between the expected discounted sum of marginal" revenues''and 
marginal input costs, for each factor in turn, which is the familiar 
equilibrium condition for the maximization of a discounted sum of 
Drolits, 

A’measure of the anticipated future return to the producer 
from training is given by the expression 
8 -0/9L,. T (p,/itp, r,/1tp, Wi o/1+p3 On ey - 6. Wy (*)/1+tp, which, 


after using equation (ix) of II.11, may be rewritten as the product 


nae aL 


of specificity of the training, as reflected by the anticipated extent 


2g a fl OW (*) Lo! . Hence the future return depends on the degree 
+ 


of the monopsony power over ''skilled" labour, i.e. on( 2W55(*)/9L55) L555 
and on external market conditions as they affect the anticipated 
future actions of trainees, i.e., on 8. If futwre: returns are non- 
zero, the producer will deviate from first period profit maximization, 
and be willing to incur the first period costs reflected by the excess 


of first period marginal input costs over first period marginal revenue, 
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Similar statements can be made concerning equation (viii)' and the 


i.e., by the fact that 9d T (Py oT >W, 73h 


"investment" in "skilled" labour. 

We note, however, that though the form of equations (vii)' 
and (viii)' is appealing in that it conforms closely to the standard 
formulation of the equilibrium conditions and thus permits 
simple interpretations, it may be inferior for empirical work. This 


we shall comment on iN section IIT: ’ mH! € our 


i 
NN 


* ‘1 7 Te Te 43 
L54) ~ Cw, ,¢ )+ow,, (*#)L,, +C (L,, png / 


7 id a 


: ea 

ow p< } : : 

4.) pee uae 
or om - ye Fi © 
7 na = : 

oe ee 
ea 7 
site ek 


i 


‘aaa be raigtntaaa on” 4) taint 
vg at cy es ct Gace a 
i svt lee nebo inhtee a Se 


SH Sah Mikron pent LE, # @ ne 
hohiadintnen a2075 bolvay AAele eae oaudontt Fllw eauborq Co 


; % 
Oo een eee ve aldo 0 a sel si shee ? 
i ~ iy | : : ; a a wy : _ rn 
ee bie agipi: heey tes) deve ore. tug, 26° . 
i : re a! Uf 
ee ee Oe ee ee “ eT 
“ees eel py et 
U | 
oi 
ia hae andy) itlLgpagve “eye 


ind ae ots ‘nal ae 
| | woes Morten a ‘ | 
vibes jer E een ho eC sillt o Syerundg., vnt ctevomat er = " 
brgdrew td 8h 07 Viesnl> vorebian 9s soit ot yatbinsagya eh rea ile 
pire etl, bao penrnKnintcis 
2kty .aeow Riedy lgas Ot radedtier ag ‘28 ven 
i ey: pees Sn ae 


‘a howl ‘a crag oe 


—— mice 


. 
| 
| a ny 
rl on A a J > F P 
: . a - 7 
' RIT ‘ in re : - 
fie 7 ; ’ 
| - 5m : a 


ey g/m 


Before doing so, we remark that our model may be 


readily altered so as to model the supply of general training. For 
suppose that "skilled" workers have the option of working in several 
other firms and industries where their productivity is the same as 

in the firm providing the training. In a perfectly competitive market, 
the producer will then be a price taker with respect to "trainee" and 
"skilled" labour, and he will not expect his future supply of "skilled" 
labour to be influenced by his current activities. Assuming a long 
run equilibrium condition of zero profits and using a result proved 


by Diewert ([ 14; Lemma 4.15]), we dérive that the optimum values of 
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where wi and Woy are the market determined wage rates for "trainee! 


and ''skilled" labour respectively, ti is the "skilled" wage rate 
expected to prevail in the second period, and where PyoTyoWy 1 2Po2TooWy> 
and p are as before. These equations, combined with equations (i) to 
(vi) of II.11 completely describe the producer's behaviour. We see 
that intertemporal considerations have disappeared and that producers 
will supply training only if first period costs and returns warrant it. 
If wage rates for trainees and direct training costs are high, or if 
the technology is such that the productivity of trainees is low, 


there may not exist a solution to the above three equations. 
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In that case, no general training at all is provided, and equations 
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levels of "skilled" labour in each period. 


rads ane (aa) with. Lb set equal to zero, define the optimum 
Finally, before proceeding to discuss the applicability of our 
model for empirical work, we indicate how the model may be extended to 
a framework of several time periods. Let us suppose then that the pro- 
ducer faces a time horizon of tT periods. He faces first period supply 
curves for "skilled" labour and "trainee" labour described by II.1 and 


Ii.2 respectively. As in II.3, the producer forms expéctations of the 


prices of capital, "unskilled" labour and the output good which will 
| prevail in each of the-future periods, and of the discount rates which 
will prevail between each of the periods. 
Following the reasoning preceeding II.4, we could describe the 
| supply curve of ''skilled'' labour facing the firm in periodt by the 


expected (inverted) supply function: 


eh 2 


Lopobyyeeees Ve aye77 toe 3 PyoTy yy) Me BG ey te 


Er ot | 
The supply curve in periodt would then be affected by the training 


supplied, and by the number of "skilled" workers employed, in all of 

the preceeding periods. However, in order to keep the model sufficiently 
simple so that it may be applied empirically, we make the approximation 
that the supply curve in any period is affected only by the amounts of 
"trainee" and ''skilled" labour used in the immediately preceeding period; 
that is, we assume expected (inverted) supply functions of "skilled" 


labour of the form: 
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Trainees from period (t-2) say, still affect the co period supply of 
"skilled" Labour, only indirectly, by increasing the availability, and 
hence probably the employment of, "skilled" labour in period (t-1). 
Tiedt Gerectuer tect On ‘the . period supply’ to a firm, say in the zorm 
of graduates that leave the firm at the end of period (t-2), and return 
as ''skilled'' workers only at the start of period t, is probably of 
little significance in aaron both with the effects of L 2 


tad) 
on the aaa period "skilled" supply curve, and with the effect which 


and es 
training in period (t-2) has on the supply curve of ''skilled'' labour in 

the succeeding period, (t-1). Thus, II.17 is a reasonable approximation 

to 11.16, and the results below are valid. 

Lastly, we may consider the anticipated direct costs of training 
and the anticipated supply of "trainee" labour in each of the future 
periods. We assume that neither is affected by the prior activities of 
the firm. 

Proceeding precisely as above, we assume that the producer strives 
to maximize the expected discounted sum of profits over the T periods, 
and bears a set of equilibrium equations. It is easy to see that 
equations (i) through (viii) from II.11 are contained in this new set 
of equations. Equation (ix) is altered, since training is now conceivably 
carried on in period 2 and since the number of "skilled" workers employed 
in period 2, will affect the third period supply curve of "skilled! 
labour. In addition, there will be many more equations defining other 


ar a * 
optimal planned activities such as Ce and L., t=3,4,...,T. However, 


2 ? 


in an empirical analysis, equations (i) through (viii) are the most impor- 


tant. This we show in the following section. 
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ITI. ECONOMETRICS 


The set of equations II.11 are, theoretically at least, well 
suited to econometric analysis. Substitution of the appropriate version 
of Diewert's functional form for the variable profit function yields 
a system of equations linear in the unknown parameters, and so linear 
regression techniques may be applied to estimate them. (See I.5 and 
the discussion following it.) This assumes, of course, knowledge, of 


the price expectation functions Pos and p (II.3), the supply 


Seely 
functions Wo1 (Reet, can Wat geen the expected supply function 
Wo (II.4), and the training direct cost function Slee In addition, 
we must have data on first period prices and activities and on second 
period plans, and then pie ee equations in II.11 will enable us to 
estimate the variable profit function and hence the underlying tech- 
hnloere of 
The above information is rarely known completely however, 
and alternate procedures may have to be followed. For example, if one 
is not certain of price expectations, or of the second period plans of 
the producer, with the exception of ae equations. (iy a ta LG 
(vii) and (viii) alone may be used to estimate the profit function. In 
this case, the costs of incomplete information are a loss of four degrees 
of freedom for each observation. (We note that the use of equations 
(vii)' and (viii)' requires knowledge of price expectations. ) 
If the supply functions ne Woy and Wo, are not known, we 


may postulate functional forms for them which are linear in the 


unknown parameters. Substitution of these forms and their partial 
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derivatives intol our equations again yields a system of equations 
which is amenable to the techniques of linear regression analysis. 
We note that this is not the case if equations (vii) and (viii) are 
replaced by (vii)' and (viii)', which is the primary reason that we 
claimed that the latter two are inferior for empirical work. This 
linearity in equation II.11 which allows us to estimate the supply 
functions is also the principal reason for our having chosen the 
variable profit function, rather than the profit function, to represent 
the technology. (See footnote 30 ). Note however, that we must 
still have an estimate of Logs the planned future use of "skilled" 
labour. If economic conditions are fairly stable, or if we can 
otherwise attribute good. foresight to the producer, it may not be 
a poor approximation to substitute for the planned future employment 
of "skilled" labour, the actual future employment, for which presumably’ 
data are available. 

Following the form of the expected supply function Wo 
defined in II.5, an example of a functional form we might wish to 


postulate for w,, is the one defined implicitly by 


22 


2 I 
mi. L ie Wyo lay | +b L 


Ze J, 


api 
where a and.''b' are non-negative’ parameters to be estimated,with b/a representing 
the ratio of the retention rate of '"skilled'' workers to the retention 

rate of trainees. Unfortunately, when we solve for Wo above, the 


parameters do not appear linearly-and so their estimation is made 


difficult. 
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An alternative is a function of the form 
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where a, b, and c are nonnegative parameters to be estimated. They do 
appear linearly and so linear regression techniques may be applied. 
Certainly, more general forms may be found. However, we will not 


proceed further into postulating functional forms for w 9? and for 


a 


W i and w 
i 21c 


empirical work with the model to do'so. 


but leave it to the reader who wishes to perform some 


The discussion to this point has been concerned with an empirical 
analysis in a two period world. Since real firms do not operate in 
a two period framework, most empirical work will require the application 
of the extended model described at the end of the last section. Suppose, 
for example, that we have time series data on the prices and quantities 
of the factors employed and the goods produced by a firm. We take T, 
the planning horizon, to be longer than the sample period. Suppose that 
there existed reasonably constant external economic conditions over the 
sample period, so that it is reasonable to assume that the producer faced 
the same (inverted) supply curves for "skilled" and trainee labour 
throughout the sample period, that his expected supply function II.17 was 
also constant, and that the ''skilled'" labour planned in period t for use 
in period t+l, was actually employed in period ttl. Lastly, suppose 
that we have estimates of the expected discount rate between each of 
the periods in the sample period, and that we know the direct cost of 
training function which prevailed in each period. Then, equations (i), 
(igyy' (411), (vii) and (vidi) from I1.11, with:each year, say, of the 


sample period, taken in turn to be the first period of the planning horizon, 
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may be used to estimate the underlying technology, (also assumed to 
have remained constant over the sample period), as well as the supply 


curves for "skilled" and ''trainee'' labour, and the producer's expectation 
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Footnotes 
1. I am indebted to Erwin Diewert of the University of British Columbia 
and to Ken Scott of the Research Branch, Department of Manpower and 


Immigration, for suggesting the topic to me and for some helpful comments. 


2. Good discussions of functional form specification may be found in [7 
and [111]. Some of the new functional forms which have been developed 
are: the Generalized Leontief Function by Diewert [ 8 ], the Cresh 
Production Function by Hanoch [17], the translog function by Christensen, 
Jorgensen and Lam [ 6 |, and an as yet unnamed function by Denny [ 7 ]. 
In { 11], Diewert has specified some forms for the cases of multiple 
outputs and some fixed inputs. It is left to the reader to investigate 
the advantages specific to each of these forms. We mention only the 

two most important properties common to most of them: firstly, they 

are linear in the unknown parameters so that linear regression tech- 
niques may readily be applied to the task of estimating the unknown 
parameters; and secondly, they contain precisely the number of para- 
meters needed in order to provide a second order approximation to an 
arbitrary production function satisfying the appropriate regularity 
conditions. Since statements on first and second order derivatives 
correspond to statements in elasticities of substitution, the para- 
meters may be chosen so that the elasticities of substitution. assume 


any predetermined set of values. 


3. The reader is asked to refer to the references mentioned in the 
preceding footnote for a fuller discussion of some of the statements 
made here. In the next section of the paper we shall dwell a little 
more on those results from the theory of duality which we shall require 


in our model. 
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4. Thus, for example, in [ 41], the authors, by testing hypothe s 
about elasticities of substitution, are able to test for the existence 
of a consistent aggregate index of labour inputs; while in [5 ], 
similar hypothesis testing is used in seeking an economic interpretation 


for the concept of the energy real value added ratio. 


5. In spite of the apparent intertemporal framework in the model in 


[13 1, producers are maximizing short run profits only. 


6. In Canada, the Department of Manpower and Immigration, through 

the Canada Manpower Industrial Training Program, is engaged in the 
subsidization of on-the-job training. An accurate evaluation of the 
program calls for an understanding of producers' behaviour in the 
absence of subsidization, and of the effects of varying levels of 
subsidization on their behaviour. It is hoped that the model developed 


in this paper may contribute to such an understanding. 


7. See [23 | for example. The same technique has also been applied 
in models of the demand for training where it is assumed that indivi- 
duals wish to maximize the discounted integral of future earnings 


(L 3 1), or the discounted integral of a utility function depending 


on earnings and other variables ([ 27]). 


8. The study by Millar [ 23 is such an analysis. 
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9. By monopsony power over a factor we shall mean that the equili- 
brium wage for the factor is a decision variable for the firm, at 
least over some interval, and that the supply of labour to the firm 

is not a totally elastic function of the equilibrium wage in that 
interval. That our assumption is not a restrictive one in the context 


of specific training will be argued below. 


10. Some of the weaknesses of the model that are not so easily removed 
include: (a) the assumption of certain expectations, i.e., we are 
neglecting the phenomena of risk and uncertainty; (b) we neglect the 
problem of the optimum distribution of total training times among 
employees, i.e., is full-time training of fewer workers preferred by 
the producer to part-time training of more workers, and so on; 

(c) the training technology - the output of "skilled" workers relative 
to the resources devoted to their training - does not receive much 


attention. 


11. An excellent survey of duality and its uses in economics may be 


found in [ 14]. 


12. We choose the variable profit function, rather than the profit 


function, to represent technology, the reasons for which will become 


clear below. 


13. T 4s a convex set if %' eT, z" eT, o5 %< 1, implies Az'+(1-A) z" € T. 
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14. T is a coneif z ¢ T, Axo implies that AzéT. 


15. t is a continuous from above function if t (z) 2 t(z 0); n=1,2,---, 


and Lim, 2, 24729» implies that Lim 500 t(zJ=t(Z))- 


16. The function t is a proper concave function over a convex set S 
if (a) for every z'eS, z'eS and OsAS1, we have 
Rin (teas At (z') + (l=-’) te"); (Cb) tee for every zes 


and (c) t(z)>© for at least one zeS. 


17. The function 7 is a convex function in p, for all p in a convex 
set S if - 17 satisfies the appropriate version of condition (a) in 


footnote 16. 


18. The corresponding lemma for profit functions is due to Hotelling 


[18 ]. Both versions are proved by Diewert in [1 ]. 


19. To be more pricise, Diewert shows that if the parameters are such 
that 1 satisfies the regularity conditions over some non empty set of 
vectors (p;v), then there exists a variable profit function 7', and a 


closed convex set S, such that m(p;v) = ™'(p;v) for all (p;v) in S. 
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20. For example, the Allen [1 J Uzawa [ 28 ]"Partial Elasticity of 
Transformation between goods i and h, at a given price, variable 


input and output vector (p;v), may be defined as Goya Ta TAM Th» 


~ 


h 


first order partial derivatives. In view of the Modified Hotelling 


where 7. 37m (p;v) oD: hoe and T. and ™, are the appropriate 
Lemma, we see that Orn is a normalization of the response of the va- 
riable profit maximizing output (or input) i to a change in the price 


of output (or input) Jee 
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21. Differentiation of 1.5 yields: 


2 1 ..2,-3/2 


J 
Tih = -3 ash (3 yin. Dy PP, fs xd). 


died 
Using the definition of the Allen -Uzawa Partial Elasticity of Trans- 


formation between goods i and hos, we see that 054,70 if and only 


ie O54 =0. 


22. From I.5 we may derive easily that 


: ar es 
ns = an (v= 2 0, (hee ee ees 
OV. OV jk jk . “ 
j k ey 


Of course, nk is the rate of change in the marginal variable profit of 
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of the ite fixed input (or output) with respect to a change in the 


h 


level of the xt fixed input (or output), and feo if and only if oe 


23. In (15] Fuss has used duality theory to model long run optimization 
with respect to fixed inputs, which allows for flexibility in the choice 
of short run inputs and outputs. Long run optimization may take into 
account the various types of training and hence different training costs 
involved in the job definitions corresponding to the various feasible 


technologies. This is discussed by Scoville in [25]. 


24. Since in our model the roles of inputs and outputs do not change, 
we index both inputs and outputs positively. The results in section I. 


may be readily translated in terms of the new sign convention. 
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25. The assumption of constant returns to scale may be dropped. All 
of the results proved in I. have analogues in the case of decreasing 
returns to scale in production, and so the model may be extended to 
handle that type of technology. The extension to increasing returns 

to scale is a little more difficult. Nevertheless if there are 
increasing returns to scale in all four factors, but decreasing returns 
to scale with respect to capital and "unskilled" labour when "trainee" 
and "skilled" labour inputs are fixed, and if the producer faces 
sufficiently rising expected input costs so that the maximum profit 

he can hope to earn over the two periods is finite, (see the discussion 
below following II.8), then the producer's optimal activities may be 


derived as below. 


26. We have argued that the first period supply of "skilled" labour 


LO the firm, +b is a monotonic increasing function of the wage rate 


Va 


offered w The flnction may thus be inverted to express w,, as a 


‘Be Ze 


function of Loy: 


27. Not all of these conditions are essential. However, we do not 
concern ourselves with specifying a minimal set of regularity conditions 


on Woy and the other functions defined below. 


28. This function may be defined only for a subset of the possible 
values of its arguments, i.e., for those values consistent with an 


equilibrium situation. 
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29. Assuming that workers entertain expectations of future prices 
which are functions of current prices, possibly distinct from the 
producer's expectations, (see II.3 below), the functional forms in 

II.1 and II.2 are sufficiently general to reflect intertemporal utility 


maximization on their part. 


a0. Our model may be readily extended to cover the case of monopoly 
power in production. If, in addition, there is monopsony power in:all 
factor inputs, then the technique mentioned by Diewert ( [12], footnote 18) 
may be adopted. (The analysis of the perfectly competitive case is 
duplicated, except that the price of each factor is replaced in the 
demand equations by its marginal input costs.) The difficulty is, 
however, that all the supply functions (of inputs) and demand functions 
(for outputs) faced by the producer, must be known in advance, at least 
around the optimum points. Our technique, which may be used in the 
event of price taking behaviour with respect to at least one commodity, 
allows one to apply linear regression techniques to estimate these 


functions. This will be commented on further below. 


31. Price expectations, as well as the supply functions above, depend 
also upon prices and activities in the rest of the economy. Ours is 
thus a partial analysis in that it assumes a given set of "external" 
economic conditions. Note also that the wage rates "a and Wo, are 


decision variables for the producer and so need not enter directly 


into his expectation functions. 
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32. This expectation may derive in part from contractual arrangements 


between the producer and trainees. 


33. If oa and 8 are any non-negative bounded functions, an appropriate 
choice of units of measurement for "trainee" and "skilled" labour will 


allow us to assume that ao and 8 assume values in the unit interval. 


34. Implicit differentiation of II.5 yields the following: 
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35. We note that since the producer's expectations for period 2 may not be 
fulfilled, he may find later that his chosen first period activities were 
not optimal and that he did not succeed in maximizing the actual discounted 


sum of profits. 


36. Maximization problem II.8 is of the form max f(x) - q(x) 'x, where 
x20 


is a linear homogeneous concave production function, x= (x) X5sXz) is a 


vector of inputs, and where q(x) = (q, &) 54, @)) is the vector of(inverted) supply 


functions facing the producer. This problem in turn may be rewritten as 


f ah ih: 
max eke the solution of which, assumingothat input’ costs are 


ysf (x) 
x> 0 


sufficient ly increasing, be represented diagramatically as follows: 
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The optimal point (x ,f(x)) is the point of tangency between the production 
line y= f(x), and the convex iso profit curves y= mt a(x) 'x. Strict 
convexity of q(x)! x assures that this point of tangency is unique. The 


* 
maximum profit attained ism. 


37. We have made the obvious abbreviation in notation; e.g., Woy (*) stands 


* 


for Woy boys Pyo Tp)» and so on. 


38. If we wish to determine the effects of government subsidization of 
training which takes the form, for example, of sharing the direct training 
costs incurved by the producer, we replace the direct cost function in 
(vii) by (1-A) see where A is the government's share of the costs. The 
new set of equations will define implicitly the new optimum activities, 
including the new optimum level of training supplied. Similarly, if 

Sub -fdivatlon takes the form of wage sharing, the supply function ae may 
be replaced by (1-u) a where Ui is the share paid by the government. 

The effects of government subsidization on the supply of general training 
may be determined similarly from some equations presented below. (See 


equations (vii)'', (viii)" and (ix)"). 
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39. We are assuming, of course, that a positive amount of training is 
provided at the optimum point. A necessary and sufficient condition for this 


to be true is that 
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where Loy and L,5 


in the first and second periods respectively, subject to the constraint 


are the profit maximizing employment of ''skilled" labour 
that no training is provided in period 1 (and hence in either period); i.e., 


: : ie ; ae 
they are the solutions to equations (viii) and (ix) when ee is set equal 


to zero. 


40. The variable profit function gives the value added by "trainee" and 


"skilled" labour, to which we refer as "revenue". 


41. To avoid the ambiguity caused by negative retention rates, we assume 


here and in the discussion to follow that 9W7/9L5,205 and hence that ¢20. 


42. Differentiation of II.5 shows that 
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where a and 8 are the retention rates. Hence we see that for the expected 


supply function defined by II.5, we have 
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43. In the literature reference is often made to the costs of foregone 
production involved in the supply of training. As we see here, these costs 
are more accurately labelled costs of foregone profit. 

The costs of supervision referred to in the introduction are reflected 
in our model by the fact that the productivity of "skilled'' workers may be 
adversely affected by the presence of trainees, so that the optimum number 
of "skilled" workers ie » is not optimum in the absence of training; i.e., 


21 
we probably have that 
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21 
The costs of training resulting from increased wear and tear on machines 

could also be included in our model if we dealt with the formation of 

capital as did Diewert in [13], and allowed for the effects of the number of 


trainee workers on the depreciation rates of capital. 


44, In the case of decreasing returns to scale in production, the profit 
which the producer expects to earn is bounded, and the equations below 


follow from profit maximization. With constant returns to scale in 


production and the assumption zero profits, Diewert shows that if Wenge 

ina and Lis are chosen so as to minimize the cost of producing the variable 
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then they satisfy the equations given. 
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45. Since ours is a partial analysis, allowance will have to be made in 
an empirical analysis for changing external economic conditions and their 
effects on, for example, the producer's expectation functions. These 
effects would probably be significant if we are using time series data 


covering a period in which general economic conditions changed significantly. 
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